We consider a pair of nonidentical mechanical pendulums. 
Introduction
In search of realistic, practical, nonlinear physics phenomena in our previous work we envision a coupled two-particle system [1, 2] . In short, we consider a system composed of a pair of mechanical, electrically charged pendulums with a common pivot allowing oscillations in a vertical plane. The design of the system allows an adaptive investigation of the nonlinear oscillations. The mutual electrostatic interaction of the charged pendulums, irrespective the oscillation amplitudes make the oscillations nonlinear by itself. To make the analysis somewhat general, we consider large amplitude oscillations resulting from gravity pull and electrostatic interaction; appropriately we called the system "super nonlinear oscillations". For sake of transparency, however, we assume identical pendulums. Meaning, we assign the same parameters to each pendulum, such as {ℓ,m,q}. Furthermore, we apply the same initial conditions such as the initial swing angles and velocities, 0 { , } v   to both pendulums. Under these conditions, intuitively, it is plausible to conclude the pendulums are to oscillate coherently.
And each pendulum is to trace a repeatable trajectory in time. And indeed we were able quantitatively confirm our intuitive predictions.
To generalize the analysis, in our current work we relax the aforementioned restrictions; we consider two nonidentical pendulums. We also select nonidentical initial conditions. Under these conditions, softly speaking, our intuition is not strong enough to predict and envision the motion of the individual pendulum.
We show, these asymmetries result unpredictable, nonrepeatable chaotic motions in time. Each pendulum under the influence of the Coulombian electrostatic force, and depending on the initial conditions traces a unique chaotic trajectory. Different initial conditions result different behavior; this is a signature of chaotic behavior. To quantify the issues of interest conducive to a better understanding of this nonlinear, chaotic system, we craft this paper as follows. In the analysis section we develop the analytic expressions describing the fundamentals of the coupled two-particle nonlinear system. In numeric section, we deploy Mathematica and for a host of char-acteristic parameters and initial conditions we analyze the problem numerically; we showcase the results. To get a feel for the chaotic motion utilizing Mathematica animation we bring the chaotic motion of the system alive. We also display a few traditional phase diagrams. Moreover, we introduce a set of fresh, useful phase-type plots as well. We conclude the paper with a few closing remarks. Figure 1 is subject to cos = (x 1 -x 2 )/r 12 . The abscissa of the Cartesian coordinate of the second mass can be substituted in terms of the respective angular positions; utilizing Figure 1, Figure 1 shows the system of interest. It is composed of two asymmetric pendulums. Geometrical, mechanical, and electrical properties of each pendulum is given by the respective set of parameters, namely, 
Analysis

 
We consider a case where the movement of the pendulums is confined to a 2-dimansional space. Figure 1 displays a snapshot scenario where each pendulum has assumed an angular position θ i with respect the vertical reference. The relevant mechanical forces, namely weight and tension are depicted. We also assume the point-like particles are positively (negatively) charged, so that the mutual electrostatic force as shown is repulsive. We swing the pendulums to arbitrary initial positions to within the lower half plane and release them freely. It is the goal of our study to investigate the consequent motion of each bob.
We begin with Newton's law of motion, namely, net F ma    . Applying this equation to the 2 nd particle along the x and y axis yields, .. Figure 1 . Display of a coupled two-particle system and their relevant mechanical and electrostatic forces. ( sin sin )
. Substituting these quantities in Equation (1) and rearranging the terms yields,
, this gives, Similarly we utilize
Following the steps similar the ones outlined in the previous paragraph, utilizing Figure 1 , we write, ( sin
. Substituting these in Equation (3) 
{ , } x y  and because and 
Now we divide Equation (2) by Equation (4). After some tedious, laborious algebraic manipulations we arrive at,
The author based on his own experience is convinced manipulating the ratio Equation (2)/Equation(4) yielding Equation (5) 
(6) The set of Equations (5) and (6) are to describe the motion of the coupled two-particle system. Each equation of the set is a second order, homogeneous and highly, super nonlinear ODEs. More over, these equations are coupled via a nonlinear, uneven trigonometry function, if
]. Before we attempt solving these equations, we make a few observations. First, it is assuring to realize the lengthy algebraic manipulations of the equations yielding Equations (5,6) have the correct features. Meaning, Equation (5) yields Equation (6) tions, the description of the motion of the system is given by only one equation instead of two. Moreover, this one equation is the equation we derived to describing the motion of the symmetrical pendulums in our previous work [1, 2] . Second, as we discussed, the non-linearity of the motion has mechanical and electrical origins; these nonlinearities are distinctively separated in Equations (5,6). More specifically, the second and the third coefficients of Equations (5,6) are the strengths of the mechanical and electrical nonlinear terms, respectively. The coefficient of the electric nonlinear term is composed of two distinct elements; and the rest of the parameters. The value of  as we defined previously is = k q 1 q 2 . Its value depends on the product of the charges. Assigning different charges to individual particle changes the overall value of the , however,  contributes evenly to both equations. This is not true for the rest of the charge independent parameters. Meaning, different values of lengths and masses do contribute unevenly. Therefore, the overall value of the coefficient of the electric nonlinear term is different in Equations (5,6). Third, since the electrostatic interaction is the cause of the coupling one expects by stripping the charge(s) the equations describing the motion should reduce the one describing the oscillations of a mechanical nonlinear pendulum. For this scenario we set = 0; Equations (5,6) yield Now that we have confidence in the correctness of the format of the derived equations, we step forward attempting solving them. Because the equations include generic parameters describing the individual pendulum, we have the option of assigning a wide range of parameters to characterize each pendulum. For instance, one may consider two pendulums with two different lengths but the same parameters otherwise. Since the third coefficient of Equations (5,6) depends on the ratio of the lengths of the pendulums, then for instance in one scenario one may study the subsequent impact of assigning rational or irrational and real values to the ratio. Practicing one such option would open the "Pandora box". Analyzing the impact of one such scenario maybe addressed in another research project. For time being in the following section we study a subset of such options showcasing our findings.
Numerical Analysis
In the previous section we applied fundamentals of physics principles and developed a set of equations describing the motion of the system. These equations of motion are given with a set of coupled homogeneous highly, super nonlinear ODEs, namely Equations (5,6). To pin point the angular position of each bob at a given time t, one needs to solve these equations expressing angular positions as explicit functions of time, namely {1(t), 2(t)}. In our first attempt to solving these equations we apply various standard symbolic methods. The super non-linearity of the equations come about from the electrostatic coupling term, the third terms of Equations (5,6). These are complicated trigonometric two variable functions. No wonder we fail solving these equations symbolically. We then apply Mathematica DSolve command; it is also unable producing any output. As a last resource we pursue solving these equations numerically. We begin with selecting a set of physically reasonable parameters describing the pendulums, such as {l,m,q}. Then we set the initial conditions, i.e. the initial swing angles of the pendulums. With these parameters on hand, we apply Mathematica NDSolve; it solves the equations. According to the aforementioned description the code reads:
In MKS units the pendulums are characterized by, values = {ℓ11.0, m18.*10 -3 , m28.*10 -3 ,q1 1.* 1.*10 -6 ,q21.* 10 -6 ,k9 *10 9 ,g9.8}; In this example the pendulums are nonidentical; their initial swing angles are different. One is set at /4and the other one is at 1.2 /4. {ℓ2,1init,2init,tmax} = {1.0,1.2 /4,/4,100.};
The coefficients of the second and the third terms of Equations (5,6) contain the mechanical and the electrostatic coupling parameters and are defined by {a's,b's}; {a1,b1} for the first and {a2,b2} for the second pendulum.
{{a1,b1},{a2,b2}}={{g/ℓ1,(k q1 q2)/(m1 ℓ1
3 )}, {g/ℓ2,(k q1 q2)/(m2 ℓ2 3 )}}/.values; The denominators of the third terms in Equations (5) and (6) Applying Manipulate we display an alive movement of the pendulums. This helps to gain a visual understanding about how the proposed system behaves for the chosen set of parameters. The display panel includes also additional helpful diagrams such as the time series of the angular positions of the pendulums, phase profile of the pendulums, and the parametric plot of the angular position of one of the pendulums vs. the other.
Manipu To show the impact of the initial conditions on the behavior of the system, in Figure 4 we display plots similar the one shown in Figure 3 . The only difference parameterizing the system is the initial swing angle of the left side pendulum; it is set at 02 1.2 / 4     . For instance the phase profile of the first pendulum displaced by the first graphs of the Figures 3,4 are quite distinguishable. Also the difference between the left lower graphs, the parametric plots of the angular position of the second pendulum vs. the first one is drastic. These very much resemble the Lissajous curves.
Note, a classic Lissajous curve is referred to a closed curve that is being traced by one particle subject to simultaneous harmonic motions in two perpendicular directions. In our study the Lissajous curves are traced by combining the oscillations of two particles subject to oscillations with a relative arbitrary phase difference.
Reviewing Figures 2-7 reveals for the chosen set of initial conditions the motion of the each pendulum is chaotically deterministic. That is to say there should be a relation such as , 1 ( , )
Where i,n is the angular position of one of the pendulums at a sampled time and f is the mapping procedure. In its simplest form we explore the existence of one such possibility following procedure outlined in [3] i.e. we plot i,n+1 vs. i,n, these are shown in Figure 8 . According to these plots and according to our speculations, indeed the time series depicted in Figure 2 , are not noise, rather underline a deterministic chaotic behavior. Interested reader utilizing the embedded code may explore similar plots for various possible characteristic parameters some have 
